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ORIGINAL ARTICLE

Thermo-elastic buckling behaviors of advanced fluid-infiltrated porous shells
integrated with GPLs-reinforced nanocomposite patches

Ehsan Arshida , Mohammad Amin Ghorbanib, Mohammad Javad Momeni Niab, €Omer Civalekc, and
Abhinav Kumard

aAdvanced Research and Development Center, LIPS Research Foundation, European International University, Paris, France; bDepartment of
Mechanical Engineering, Qom Branch, Islamic Azad University, Qom, Iran; cChina Medical University, Taichung, Taiwan; dDepartment of
Nuclear and Renewable Energy, Ural Federal University Named After the First President of Russia, Ekaterinburg, Russia

ABSTRACT
In the existing paper, thermo-mechanical buckling performance of three-layered advanced fluid-
infiltrated porous shells that are embedded between two GPLs-reinforced composite layers is
investigated. The influence of the fluids in the pores is investigated using Skempton coefficient.
Imperfection types and ratio effects are also considered. Moreover, for the face layers, Graphene
nanoplatelets (GPLs) weight fraction and dispersion patterns are studied. After deriving the gov-
erning equations employing virtual displacement method, they are solved analytically via Navier’s
approach. Finally, the impact of different factors on the critical buckling loads (CBLs) and tempera-
tures (CBTs) of cylindrical, spherical, and doubly-curved shells is assessed.
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1. Introduction

Due to the need to improve the performance of engineering
structures by academics, therefore, they are motivated to
consider different shapes of them and also, different materi-
als to realize their response against different loading and
environmental conditions [1, 2]. Functionally graded (FG)
materials are used nowadays instead of former homogenous
ones to advance the mechanical behaviors of structures. In
FG materials, the mechanical properties of the structure
change incessantly in a specific course such as thickness or
length [3]. Porous materials also are used widely due to
their lightweight and strength together [4, 5]. But, as the
porosity increases, their stiffness reduces. Detournay and
Cheng [6] proposed the fundamental equations for porous
materials in two cases: saturated and unsaturated conditions.
Their work was formed on the basis of Biot’s poroelasticity
theory. Porosity or the same imperfection ratio designates
the pores to bulk volume ratio and its’ enhancement shows
the porous structures’ weaknesses. To overcome this defi-
ciency, they should be reinforced somehow [7]. One of the
most well-known ways is to attach two layers from a stiffer
material to its surfaces. The structure with a softer mid-layer
(which is recognized as core), and two stiffer layers on its
surfaces is called sandwich structures. The martial type of
the faces is a key factor in the mechanical performance of
the structure. As their stiffness-to-weight ratio becomes
higher, they are better choice for use in structures [8]. This

aim can be touched using nanocomposites. Nanocomposites
are called a kind of composite that as a minimum one of its
components is in nanoscale [9]. The most popular nano-
composites are those that are reinforced by carbon nano-
tubes (CNTs) and graphene nanoplatelets (GPLs). These two
kinds of nanofillers have extreme thermomechanical specifi-
cations such as sound and energy absorption, high stiffness,
high thermal capacity, and so on [10–12]. CNTs and GPLs’
effect on the mechanical manners of structures considered
by earlier works that showed GPLs are even can be a better
selection. For instance, Sobhani et al. [13, 14] compared the
influence of two types of nanofillers, namely GPLs and
CNTs to determine the most appropriate condition for the
vibrational performance of shells. They concluded that GPLs
make the structure stiffer. Numerous works by different
researchers are provided to consider the static and dynamic
performance of shells. In the following, some of their most
relevant to the current work will be reviewed. Trinh and
Kim [15] took an FG doubly-curved into investigation and
considered its static and dynamic behaviors. They used a
three-variable theory to describe the displacements. Finally,
they resulted the porosity distribution types have a note-
worthy effect on the results. Vibrations of a doubly-curved
piezoelectric shell regarding the geometrical nonlinearity
provided by Zhu et al. [16]. They utilized the harmonic bal-
ance scheme to derive the frequencies. Also, Zhao et al. [17]
obtained frequencies of an FG porous doubly-curved shell
considering classical boundary conditions with the assistance
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of a semi-analytical scheme. Wang et al. [18] investigated
vibration and bending behaviors of FG nanocomposite dou-
bly-curved shallow shells reinforced by GPLs. Nonlinear
vibrations of GPL-reinforced piezoelectric composite plate
under external voltage excitation considered by Mao and
Zhang [19]. They also provided another research [20] on
buckling and post-buckling analyses of FG GPL-reinforced
piezoelectric plate subjected to electric potential and axial
forces. Wang and Zhang [21] studied the thermal buckling
and post-buckling responses of temperature-dependent GPL-
reinforced porous nanocomposite beams. They concluded
that effects of internal pores and GPLs on thermal stabilities
of beams were strongly dependent on distribution patterns.
Talebitooti and Zarastvand [22] studied the influence of por-
ous materials’ nature on the mechanical behavior of doubly-
curved sandwich shells. Aminipour et al. [23] conducted a
study on doubly-curved nanoshells made of various materi-
als with FG properties. They considered the shear deform-
ation influence using a higher-order theory. Sayyad and
Ghugal [24] conducted a study where they used different
shell theories that were equivalent in order to examine the
effects of shear deformation and rotary inertia on both static
and dynamic analyses of doubly-curved shells made of FG
materials. A novel modified quasi-3D theory was used by
Rachid et al. [25] to examine mechanical behavior of FG
doubly-curved panels. Karami et al. [26] conducted their
study on the temperature and porosity-dependent dynamic
behavior of doubly-curved nanoshells. They used a nonlocal
strain gradient theory to reach this aim. An imperfect shal-
low doubly-curved nanoshell took into examined by Ahmadi
et al. [27] which was located on elastic substrate and in ther-
mal environment. Xue et al. [28] demonstrated the use of
isogeometric analysis to solve the problem of free vibrations
in functionally graded porous cylindrical panels. They
employed the FSDT approach and examined the impact of
the imperfection ratio on the natural frequencies. Cong and
Duc [29] considered a porous eccentrically stiffened doubly-
curved shell with negative Poisson’s ratio. The shell was
exposed to blast, mechanical, and thermal loads. The fre-
quencies of a porous doubly-curved panel with CNT-rein-
forced patches were obtained by Setoodeh et al. [30]. They
formulated equations using a generalized shear deformation
theory and obtained the results with the assistance of gener-
alized differential quadrature method. Their findings indi-
cated that the vibrational characteristics of the structure are
significantly affected by the volume fraction of carbon nano-
tubes. Karimiasl et al. [31] considered nonlinear vibrations
of a doubly-curved shell with different layer arrangements
including CNTs. They utilized the multiple scale method to
report their findings. A quasi-3D theory was hired by
Duong et al. [32] to consider the boundary influence on
static response of CNT-reinforced cylindrical shells. Yang
et al. [33] conducted an investigation of a cylindrical panel
strengthened with GPL and determined its natural frequen-
cies and critical buckling loads (CBLs). They used the FSDT
in their analysis. Ma et al. [34] established a finite element
model to explore the buckling behavior of cylindrical shells.
Their study focused on the sensitivity of cylindrical shells to

imperfections exposed to localized axial compression loads
in multiple regions. Gui and Mu [35] calculated the CBLs of
cylindrical shells in 2023. They captured the scale effect via
the nonlocal strain gradient theory. Buckling and post-buck-
ling performances of FG doubly-curved shells were discussed
by Quan et al. [36]. They examined two types of sandwich
structures. Besides, other studies were conducted by frequent
researchers to study mechanical response of curved shells as
can be seen in Refs. [37–51].

Revising the study background demonstrates the absence
of research on thermo-elastic buckling of different categories
of three-layered advanced curved shells including cylindrical,
spherical, and doubly-curved types. The curved structure
core is made from lightweight porous fluid-infiltrated mate-
rials that are bounded by two stiffer nanocomposite skins.
In this recent work, the pressure of the pores is being exam-
ined for its influence on this particular structure, marking
the first time it has been studied. Also, different imperfec-
tion types which show the pores’ placement are explored.
The nanocomposite faces are reinforced by GPLs to advance
their thermomechanical properties. Furthermore, it is pre-
sumed that GPLs are dispersed across the faces’ thickness
considering different specified FG patterns. The curved
shells are immersed in a set of springs and shear layer which
is named Pasternak substrate. The equations were attained
by means of the virtual displacement principle, then analyt-
ically solved, and finally, they will be authenticated with the
reliable former published works. Next, the study thoroughly
examines and discusses the impact of the key factors on the
results. The findings of this research, given the aforemen-
tioned specifications of the model, can be applied to various
scientific disciplines, including energy absorption, thermal
management, aerospace, high-speed trains, air travel, and
other engineering structures and industries.

2. Model description

As detailed in the past section and as exemplified in
Figure 1, the used model consists of a three-layered doubly-
curved shell with GPL-reinforced composite skins and a
porous core infiltrated with fluid. The shell is situated on a
Pasternak substrate. Also, this figure displays the geometric

Figure 1. Schematic diagram of the under consideration saturated porous
sandwich curved structures.
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measurements of the shell. To initiate modeling of the afore-
said structure, primarily, the constitutive relations of the
three layers will be depicted. The constitutive law for all
three layers in thermal environment can be established as
[52, 53]:

rc, fij ¼ Qc, f
ijklðzÞekl � ac, f ðzÞDTdij, (1)

In which stress and strain components are shown by rij
and ekl, respectively. The thermal expansion coefficient is
presented by a(z), and the temperature differences is publi-
cized by DT. Stiffness matrix components (Qijkl) are defined
separately for each layer. For the nanocomposite faces, they
are defined as below [54]:

Qf
11ðzÞ ¼ Qf

22ðzÞ ¼
Ef ðzÞ

1� �f ðzÞ2
, Qf

12ðzÞ ¼ Qf
21ðzÞ ¼ �f ðzÞQf

11ðzÞ,

Qf
44ðzÞ ¼ Qf

55ðzÞ ¼ Qf
66ðzÞ ¼

Ef ðzÞ
2ð1þ �f ðzÞÞ

(2)

where the subscript "f" signifies the faces. There are different
ways to estimate the thermo-mechanical properties of GPL-
reinforced nanocomposites, but two common methods are
Halpin-Tsai and the rule of mixture. Halpin-Tsai is hired to
forecast Young’s modulus, while the rule of mixture is
employed to predict other properties by assuming the com-
posite behaves like a mixture of its individual components.
So, the properties of the face sheets, with exception of
Young’s modulus can be yielded as [55]:

qf ðzÞ ¼ qGPLVGPL þ qmVm, (3)

af ðzÞ ¼ VGPLEGPLaGPL þ VmEmamð Þ= VGPLEGPL þ VmEmð Þ,
(4)

�f ðzÞ ¼ �GPLVGPL þ �mVm (5)

It is noteworthy that VGPL and Vm are volume fraction of
GPLs and the matrix, correspondingly whose summations
equal one and Em denotes to matrix Young’s elasticity
modulus. Also, the Halpin-Tsai scheme can aids to obtain
the actual Young’s modulus as [56]:

Ef ðzÞ ¼
3

1þnGPLl vGPLl VGPL

1�vGPLl VGPL

� �
þ 5 1þnGPLw vGPLw VGPL

1�vGPLw VGPL

� �� �
8

Em (6)

GPLs’ geometry parameters are publicized by nGPLl and
nGPLw [57]:

nGPLl ¼ 2lGPL
hGPL

, nGPLw ¼ 2wGPL

hGPL
(7)

in these relations, the length, height, and width of the GPLs
are offered by lGPL, hGPL, and wGPL, one-to-one. Also, mater-
ial parameters are shown in Eq. (6) by vGPLl and vGPLw which
are defined as [58]:

vGPLl ¼ hGPL ER � 1ð Þ
hGPLER þ 2lGPL

, vGPLw ¼ hGPL ER � 1ð Þ
hGPLER þ 2wGPL

(8)

where ER denotes the ratio of Young’s modulus of GPLs to
the matrix.

GPLs are dispersed across the faces’ thickness (hf) based
on five distinguished FG patterns:

VGPLðzÞ ¼ V�
GPL Uniform Pattern (9)

VGPLðzÞ ¼ 1� 2z
hf

� �
V�
GPL FG� A Pattern (10)

VGPLðzÞ ¼ 1þ 2z
hf

� �
V�
GPL FG� V Pattern (11)

VGPLðzÞ ¼ 2 1� 2z
hf

� �
V�
GPL FG�O Pattern (12)

VGPLðzÞ ¼ 4jzj
hf

V�
GPL FG� X Pattern (13)

Furthermore, the stiffness components for the fluid-infil-
trated porous core can be stated in terms of the drained (�)
and undrained (�u) Poisson’s ratio as [59]:

Qc
11ðzÞ ¼ Qc

22ðzÞ ¼ 2GcðzÞ 1� 4� þ 2�u
1� 3� þ 2��u

, (14)

Qc
12ðzÞ ¼ Qc

21ðzÞ ¼ 2GcðzÞ�� þ 2 1� �ð Þ�u
1� 3� þ 2��u

(15)

where [60]:

�u ¼ 3� þ Dð Þ= 3� Dð Þ (16)

in which D¼Bk(z)(1-2�); where the Skempton coefficient is
depicted by B that demonstrates the pressure of the fluid
inside the pores, k(z) is the Biot’s coefficient, that can be
determined via 1-Gc(z)/G0. Also, Gc(z) equals Ec(z)/2(1þ�c).
Ec(z) is Young’s elasticity modulus of the core. The core’s
thermo-mechanical properties can be adjusted based on its
thickness using the equations provided below [61]:

EcðzÞ
qcðzÞ
acðzÞ

8<
:

9=
; ¼

E1
q1
a1

8<
:

9=
; 1�

b
1� ffiffiffiffiffiffiffiffiffiffiffi

1� b
p

1� ffiffiffiffiffiffiffiffiffiffiffi
1� b

p

8<
:

9=
;pðzÞ

0
B@

1
CA, (17)

here, b is the imperfection ratio which is demarcated as the
ratio of pores to the whole volume. Also, "c" subscript
denotes the core, and "1" subscript denotes the maximum
values of core’s properties. p(z) is the imperfection function
which can be determined based on the following descrip-
tions. Three distinguished types of imperfection or the same
pores’ distribution are considered in the current study:

– Imperfection Type A:
The primary examined type is entitled "Type A" in the
recent paper, in which the pores are scattered non-symmet-
rically concerning the core’s mid-plane. Therefore, for this
pattern, the function p(z) is introduced as [62]:

pðzÞ ¼ cos
p
2hc

z þ hc
2

� �" #
, (18)

– Imperfection Type B:

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES 3



The second explored porosity pattern that is known as
"Type B" in this paper which follows the below function
[63]:

pðzÞ ¼ cos
pz
hc

� �
, (19)

– Imperfection Type C:
The third considered pattern is a "Type C" one that thick-
ness-free. For this pattern, the below relations for Young’s
modulus and density are ruled [64]:

EcðzÞ ¼ E1 1� bvð Þ,qcðzÞ ¼ q1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� bv

p
, acðzÞ ¼ a1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� bv

p
(20)

where

v ¼ 1
b
� 1
b

2
p

ffiffiffiffiffiffiffiffiffiffiffi
1� b

p
� 2
p
þ 1

� �2

(21)

3. Governing equations derivation procedure

In this study, the shear deformation effect is accounted for
to achieve more precise outcomes. To this aim, the FSDT
suggests the displacements as [65]:

u11ð11, 12, zÞ ¼ l11uð11, 12Þ þ zw11
ð11, 12Þ, (22)

u12ð11, 12, zÞ ¼ l12vð11, 12Þ þ zw12
ð11, 12Þ,

uzð11, 12, zÞ ¼ wð11, 12Þ
The displacement of any point on the shell in the 11, 12

and z paths is characterized by u11, u12 and uz, correspond-
ingly. The mid-plane displacement components in the same
courses are denoted by u, v and w. Additionally, w11 and
w12 link to the rotation of the mid-plane about the x2 and
x1 axes, one-to-one and:

l11 ¼ 1þ z
R11

, l12 ¼ 1þ z
R12

(23)

The strains can be expressed using the displacements
based on the FSDT as [66]:

e1111 ¼
@u
@11

þ w
R11

þ z
@w11

@11
, (24)

e1212 ¼
@v
@12

þ w
R12

þ z
@w12

@12
, (25)

c1112 ¼
@u
@12

þ @v
@11

þ z
@w11

@12
þ @w12

@11
� R12 � R11

2R11R12

� �
@v
@11

� @u
@12

� � !
,

(26)

c11z ¼ w11
þ @w
@11

� u
R11

, (27)

c12z ¼ w12
þ @w
@12

� v
R12

(28)

With the aim of obtaining the equations, firstly the strain
energy should be obtained. To reach this goal, the below
equation can be used [67]:

U ¼ 1
2

ðh=2
�h=2

ð
11

ð
12

ðr1111e1111 þ r1212e1212 þ s1112c1112

þ s11zc11z þ s12zc12zÞ dAdz

(29)

Which its variations lead to the following equation:

dU ¼
ðh=2

�h=2

ð
11

ð
12

ðr1111de1111 þ r1212de1212 þ s1112dc1112

þ s11zdc11z þ s12zdc12zÞ dAdz

(30)

The external work involves of three portions: Pasternak
substrate (EP); thermal load (ET); and mechanical in-plane
load (EM). Thus:

E ¼ EP þ ET þ EM, (31)

The work of Pasternak substrate can be expressed as
below [68]:

EP ¼ 1
2

ð
A
� KWwð11, 12Þ � KPr2wð11, 12Þ
� �

wð11, 12Þ
	 


dA

(32)

In this equation, Laplacian operator is shown by r2;
Springs and shear layer parameters are shown by KW and
KP, individually.

One possible way to calculate thermal load work is using
the following equation [69, 70]:

ET ¼ 1
2

ð
11

ð
12

NT
11

@wð11, 12Þ
@11

� �2

þ NT
12

@wð11, 12Þ
@12

� �2
( )

dA

(33)

in which axial and circumferential thermal loads are repre-
sented by NT

11
and NT

12
that are as introduced as [71]:

NT
11
¼
ð
core, faces

Qc, f
11 ðzÞ þ Qc, f

12 ðzÞ
� �

ac, f ðzÞDTdz, (34)

NT
12
¼
ð
core, faces

Qc, f
12 ðzÞ þ Qc, f

22 ðzÞ
� �

ac, f ðzÞDTdz (35)

And to achieve the work of mechanical in-plane load, the
subsequent equation can be hired:

EM ¼ 1
2

ð
11

ð
12

NM
11

@wð11, 12Þ
@11

� �2

þ NM
12

@wð11, 12Þ
@12

� �2
( )

dA

(36)

in which axial and circumferential mechanical in-plane loads
are symbolized by NM

11
and NM

12
:

The equations can be obtained by applying the virtual
displacement principle, which involves introducing varia-
tions of the strain energy and external work into the
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equations [72]:

d U � Eð Þ ¼ 0 (37)

By expressing the strains in terms of the displacements
and defining the stress resultants, the equilibrium equations
in terms of stress resultants can be obtained using vari-
ational calculus as follows:

du :

@N1111

@11
þ @N1112

@12
þ R12 � R11

2R11R12

� �
@M1112

@12
þ Q11

R11

¼ 0, (38)

dv :

@N1212

@12
þ @N1112

@11
� R12 � R11

2R11R12

� �
@M1112

@11
þ Q12

R12

¼ 0, (39)

dw :

N1111

R11

þ N1212

R12

� @Q11

@11
� @Q12

@12
� KW wþ KP

@2w
@112

þKP
@2w
@122

þ NT
11

@2w
@112

þ NT
12

@2w
@122

þ NM
11

@2w
@112

þ NM
12

@2w
@122

¼ 0,

(40)

dux1 :

@M1111

@11
þ @M1112

@12
� Q11 ¼ 0, (41)

dux2 :

@M1112

@11
þ @M1212

@12
� Q12 ¼ 0 (42)

The below equation defines the stress resultants that were
utilized in the above relations:

N1111 ¼ g1
@u
@11

þ g2
@w11

@11
þ g1w

R11

þ g4
@v
@12

þ g5
@w12

@12

þ g4w
R12

,

(43)

N1212 ¼ g7
@u
@11

þ g8
@w11

@11
þ g7w

R11

þ g10
@v
@12

þ g11
@w12

@12

þ g10w
R12

,

N1212 ¼ g15
@u
@12

þ g16
R11

@u
@12

þ g16
@w11

@12
þ g15

@v
@11

þ g16
R12

@v
@11

þ g16
@w12

@11
,

M1111 ¼ g2
@u
@11

þ g3
@w11

@11
þ g2w

R11

þ g5
@v
@12

þ g6
@w12

@12

þ g5w
R12

,

M1212 ¼ g8
@u
@11

þ g9
@w11

@11
þ g8w

R11

þ g11
@v
@12

þ g12
@w12

@12

þ g11w
R12

,

M1212 ¼ g16
@u
@12

þ g17
R11

@u
@12

þ g17
@w11

@12
þ g16

@v
@11

þ g17
R12

@v
@11

þ g17
@w12

@11
,

Q11 ¼
jsg13u
R11

þ js g13 w11
þ jsg13

@w
@11

,

Q12 ¼
jsg14v
R12

þ js g14 w12
þ js g14

@w
@12

The shear correction factor of FSDT is shown by js in
the above stress resultants.

4. Solution procedure

4.1. Navier’s method implementation

Among the different solution methods, an analytical
approach based on the Fourier series functions which are
also recognized as Navier’s method is nominated due to its
precision. Navier’s technique is hired to define displacement
components that satisfy the boundary condition of simply
supported ends shells. Hence, the displacement can be rep-
resented as follows [73]:

u
v
w
w11
w12

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

¼
X1
m¼1

X1
n¼1

�u cos ðA11Þ sin B12ð Þ
�v sin ðA11Þ cos B12ð Þ
�w sin ðA11Þ sin B12ð Þ
�w11

cos ðA11Þ sin B12ð Þ
�w12

sin ðA11Þ cos B12ð Þ

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

(44)

where:

A ¼ mp
L

, B ¼ np
W

(45)

The axial and circumferential wavenumbers are depicted by
m and n, respectively.

4.2. Mechanical buckling analysis

Finally, using Eq. (44), and substituting its functions into
the equations and setting the mechanical in-plane load as
�Pcr, an eigenvalue problem is obtained which its non-triv-
ial answers are the CBLs:

Ke½ � þ Pcr Kg½ �� �fXg ¼ 0, (46)

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES 5



in which [Ke] is the stiffness matrix and [Kg] is the geomet-
ric stiffness matrix. Also, {X} is the displacement vector.

4.3. Thermal buckling analysis

Parallel to the previous sub-section, the below eigenvalue
problem is reached that its non-trivial answers are the crit-
ical buckling temperature (CBTs):

Ke½ � þ NT KT½ �
� �

fXg ¼ 0, (47)

Here, the matrix [Ke] represents the elastic stiffness due
to mechanical loads, while the matrix [KT] represents the
geometrical stiffness due to temperature variations. The

stiffness matrix arrays are presented in the Appendix section
for reference.

5. Results and discussion

5.1. Results’ authentication

The opening phase in presenting the outcomes of the cur-
rent work is authorizing their exactness. It can be reached
by comparing them in simpler cases with prior published
studies. Hence, the dimensionless CBLs of a cylindrical shell
are attained and tabulated in Table 1. As shown in the table,
the findings of this study are consistent with the outcomes
reported by Tan et al. [74], Huan et al. [75], and Cuong-Le
et al. [76]. The results of this table are achieved for an FG
cylindrical shell which is made from Al/ZrO2-3, which its
relations are presented in Ref. [76] and the numerical values
of its mechanical properties are as follows: Ec ¼ 151GPa, �c
¼ 0.3, qc ¼ 3000 kg/m3, Em ¼ 70GPa, �m ¼ 0.3, and qm ¼
2707 kg/m3. The results are presented for different values of
L/h ratio and a bit of difference with the reference studies
may be raised from different used shear deformation theory
or solution approaches. Also, it should be noted that the
results can be obtained for a cylindrical shell by tending R12
to infinity and the dimensionless CBL is achieved via P�

cr ¼
Pcr

R11
Emh2

: Therefore, in this phase the results reliability is con-
firmed. As the second effort for checking the results,
Table 2 presents the dimensionless CBLs for first four buck-
ling modes of an FG cylindrical shell for various material
gradient indices. Another time, it is seen a good merging
between the existing results and those of Zhao and Liew
[77] and Cuong-Le et al. [76]. The dimensionless CBL in
this table has the same definition as Table 1. So, the results’
precision is guaranteed.

5.2. Case study

5.2.1. Mechanical buckling results
The dimensionless CBL can be gained by reaching the non-
trivial answers of Eq. (46). Remarkably, Table 3 presents the
material properties of the shell [78]. Also, the subsequent
values and specifications are used to extract the outcomes:
b¼ 0.25, B¼ 0.2, h¼ 2 cm, ht¼ hb¼ 0.1hc, a¼ 10h, b¼ a,
V�
GPL¼ 0.5%, Type B and Uniform patterns for imperfection

and GPLs’ dispersion, respectively. Noted that the dimen-
sionless CBL is defined as P�

cr ¼ Pcr
ð1��2Þ
Eh . Table 4 explores

Table 1. Comparing the CBLs of a cylindrical shell with different L/h ratio
with previously published works.

L/h Ref. [74] Ref. [75] Ref. [76] Present

10 2.9533 2.9718 2.9602 2.9618
20 1.6801 1.6831 1.6804 1.6807
30 1.2876 1.2817 1.2787 1.2797
40 1.1418 1.1127 1.1185 1.1179

Table 2. Comparison of the first four CBLs of a cylindrical shell with different
material gradient index (c) values.

(m, n) Source

Material gradient index (c)

0 0.5 1 2 5 10 20

(1, 1) Ref. [77] 1.2768 1.0390 0.9313 0.8366 0.7464 0.6933 0.6525
Ref. [76] 1.3059 1.0496 0.9356 0.8377 0.7473 0.6971 0.6576
Present 1.2986 1.0459 0.9321 0.8373 0.7470 0.6958 0.6547

(2, 1) Ref. [77] 1.4098 1.1314 1.0149 0.9217 0.8377 0.7812 0.7324
Ref. [76] 1.4763 1.1762 1.0489 0.9476 0.8324 0.7743 0.7338
Present 1.4503 1.1611 1.0394 0.9396 0.8312 0.7704 0.7317

(1, 2) Ref. [77] 1.5149 1.2509 1.1241 1.0043 0.8828 0.8153 0.7677
Ref. [76] 1.4819 1.1980 1.0675 0.9500 0.8642 0.8092 0.7588
Present 1.4962 1.2003 1.0786 0.9649 0.8691 0.8106 0.7594

(2, 2) Ref. [77] 1.8434 1.4683 1.3175 1.2042 1.1061 1.0334 0.9666
Ref. [76] 1.8258 1.4407 1.2850 1.1700 1.0739 1.0072 0.9421
Present 1.8314 1.4496 1.2923 1.1784 1.0806 1.0118 0.9479

Table 3. Material properties of the structure [78].

Properties
Porous core
(SUS304)

GPLs
reinforcement

Epoxy
matrix

E (GPa) 201.04� 103 1.01� 103 130
q (kg/m3) 8166 1062.5 8960
N 0.3262 0.186 0.34
a (�10–6K–1) 12.33 2.35 8.2
w (lm) – 1.5 –
h (nm) – 1.5 –
l (lm) – 2.5 –

Table 4. Effect of imperfection type and ratio and also, different values of Skempton coefficient on the dimensionless CBLs of different types of shell.

Shell type
Imperfection

type

Imperfection ratio (b¼ 0.2) Imperfection ratio (b¼ 0.5)

Skempton coefficient Skempton coefficient

0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6

Cylindrical A 9.3802 9.4351 9.4889 9.5418 7.3141 7.4184 7.5180 7.6133
B 9.7519 9.8082 9.8635 9.9177 8.4125 8.5225 8.6280 8.7293
C 9.2975 9.3890 9.4787 9.5666 7.1438 7.3220 7.4915 7.6530

Spherical A 15.3694 15.4287 15.4870 15.5445 12.0092 12.1172 12.2215 12.3221
B 15.7401 15.8293 15.9161 16.0007 13.1043 13.2719 13.4298 13.5791
C 15.2680 15.3941 15.5171 15.6372 11.7003 11.9450 12.1748 12.3912

Doubly-Curved A 11.8857 11.9400 11.9934 12.0461 9.2769 9.3782 9.4758 9.5697
B 12.2582 12.3282 12.3966 12.4635 10.3773 10.5113 10.6386 10.7599
C 11.7958 11.9017 12.0052 12.1065 9.0505 9.2564 9.4510 9.6353
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different parameters’ effects on the CBL for three kinds of
shells, namely cylindrical, spherical, and doubly-curved. As
can be understood, increasing the imperfection ratio which
reveals the ratio of pores’ volume to that of the whole, tends
the CBLs to reduce. In fact, increasing the imperfection
ratio, affects the stiffness of the structure and CBL is gener-
ally proportional to stiffness, so it reduces. Comparing three
different types of imperfection (i.e. Types A, B, and C) dis-
plays that Type B leads to the highest values of critical buck-
ling load, while Type C tends the results to the lowest
values. As a notice, it should be said that Types B and C
were linked to symmetric and uniform patterns of imperfec-
tion, separately. It happens for all kinds of considered shells,
regardless of their shapes. Furthermore, the effect of the
Skempton parameter which indicates the pores’ pressure is
investigated in Table 4. As can be gotten, increasing the
Skempton coefficient leads the results to enhance, due to

enhancement in the structure’s stiffness. And as the last
finding of this table, it is seen that the CBLs of the spherical
shell are more than two other kinds of shells and those of
cylindrical shells are the least ones. In Figure 2, the effects
of GPLs’ dispersion patterns and imperfection ratio increas-
ing on the dimensionless CBL are investigated for all three
kinds of considered shells, namely cylindrical, spherical, and
doubly-curved. As can be found, FG V-A and FG A-V pat-
terns cause the most and the least values of critical buckling
load, respectively. It occurs due to nano-fillers’ dispersion in
the surfaces. It means as the amount of nano-fillers in the
surfaces becomes more than the mid-surface, the stiffness of
the structure enhances. Moreover, Figure 2 confirms the
previous findings about the impact of the imperfection ratio
on the results. The dimensionless CBLs for different values
of axial and circumferential wavenumbers are listed in
Table 5. As can be expected, the spherical shell has the most

Figure 2. Effects of imperfection ratio and different patterns of GPLs’ dispersion on dimensionless CBL of the (a) doubly-curved; (b) spherical; and (c) cylindrical shell.

Table 5. Dimensionless CBLs for different types of shell.

Shell Type

(m, n)

(1) (1, 2) (1, 2) (2) (1, 3) (1, 3) (2, 3) (2, 3) (3)

Cylindrical 9.4039 19.7233 17.9367 27.4005 33.7141 32.5258 40.6631 40.2285 51.4532
Spherical 15.0149 20.8051 20.8051 28.8026 34.0036 34.0036 41.2661 41.2661 52.0757
Doubly-curved 11.7525 20.2393 18.8993 27.9935 33.8568 32.9655 40.9428 40.6169 51.7194
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values of critical buckling load, while the cylindrical shell
has the least ones. The effects of the curvature radii ratio
and imperfection patterns of the porous core on the results
are studied in Figure 3. Regarding this figure, it is seen that
as the curvature radii ratio increases, the CBL reduces sig-
nificantly owing to a dump in model’s stiffness. Also, it is
observed that imperfection Type B leads to the highest val-
ues of CBL and Type C leads to the least ones. The effects
of three parameters are considered in Tables 6–8. The first
effect is related to the GPLs’ total mass fraction percentage.
Since the GPLs’ stiffness is high, so adding even a small
amount of them will enhance the structure’s stiffness mean-
ingfully. Therefore, the normalized CBLs increase. Also, it is
seen as the length to the whole thickness of the shell ratio
enhances, the CBLs reduce owed to the drop in structure’s
stiffness. And as the last finding from Tables 6–8, it is
observed that an increment in Rf1/L, leads the results to
reduce. It is important to mention that the outcomes pre-
sented in Tables 6–8 correspond to cylindrical, spherical,
and doubly-curved shells, respectively. In Figure 4, in add-
ition to seeing GPLs’ total mass fraction, the effect of differ-
ent kinds of elastic substrate is also considered. In the case
of substrate-free, the results are in their lowest values, but
adding a single layer of springs which is known as Winkler
substrate, rises the structure’s rigidity that leads to

enhancement in CBLs. Also, adding a shear layer to the
springs converts the substrate type to Pasternak one which
again, increases the CBLs. Figure 5 shows how the CBL of
GPLs is affected by their geometric parameters. The results
demonstrate that an increase in the height-to-length ratio of
GPLs contributes to a notable reduction in the outcomes.
This occurs because the stiffness of GPLs decreases, ultim-
ately affecting the overall stiffness of the structure. A similar
effect is also seen with the length-to-width ratio of GPLs.
Figure 6 provides a comprehensive judgment of the CBLs
for different kinds of shells, showing that cylindrical and
doubly-curved shells have the uppermost and lowermost val-
ues of CBLs, one-to-one (Figure 7).

5.2.2. Thermal buckling results
Now, it turns to consider the thermal buckling analysis
results. The specifications of the under-evaluation model are
the same as those mentioned in the mechanical buckling
analysis. It should be mentioned that the changes in dimen-
sionless CBT are defined as DT�

cr ¼ DTcr
ð1��2Þ
ah : Figure 8

investigates the impact of two parameters related to the por-
ous core, namely the type of imperfection and the imperfec-
tion ratio, on the CBT of the model being studied. It is seen
that increasing the imperfection ratio, contrary to expecta-
tions, enhances the CBT. A similar effect about porous
structures is seen in Refs. [79, 80]. Also, among the three
types of imperfections, the impact of the imperfection type
and imperfection ratio on the CBT of the model under

Table 6. The CBLs of cylindrical shell with different material geometrical prop-
erties and GPL’s total mass fraction percentage.

L/h Rf1/L

V�
GPL (%)

0 0:5 1 1:5 2

10 2 9.2075 9.3847 9.5617 9.7387 9.9155
3 8.2005 8.3713 8.5419 8.7125 8.8829
5 7.6847 7.8522 8.0196 8.1868 8.3540
10 7.4670 7.6332 7.7992 7.9650 8.1308
20 7.4126 7.5784 7.7441 7.9096 8.0750
50 7.3974 7.5631 7.7286 7.8941 8.0594

30 2 2.7021 2.7340 2.7659 2.7978 2.8298
3 1.6744 1.6995 1.7246 1.7497 1.7748
5 1.1483 1.1698 1.1914 1.2130 1.2346
10 0.9263 0.9464 0.9665 0.9866 1.0067
20 0.8708 0.8905 0.9103 0.9300 0.9497
50 0.8553 0.8749 0.8945 0.9141 0.9337

Table 7. The CBLs of spherical shell with different material geometrical prop-
erties and GPL’s total mass fraction percentage.

L/h Rf1/L

V�
GPL (%)

0 0:5 1 1:5 2

10 2 14.7706 14.9850 15.1993 15.4136 15.6278
3 10.6731 10.8604 11.0477 11.2348 11.4218
5 8.5749 8.7483 8.9217 9.0949 9.2680
10 7.6896 7.8572 8.0247 8.1921 8.3593
20 7.4683 7.6344 7.8005 7.9663 8.1321
50 7.4063 7.5721 7.7377 7.9031 8.0685

30 2 8.2659 8.3351 8.4043 8.4736 8.5430
3 4.1473 4.1889 4.2306 4.2723 4.3140
5 2.0385 2.0660 2.0936 2.1211 2.1487
10 1.1488 1.1704 1.1920 1.2136 1.2352
20 0.9264 0.9465 0.9666 0.9867 1.0068
50 0.8642 0.8838 0.9035 0.9232 0.9429

Table 8. The CBLs of doubly-curved shell with different material geometrical
properties and GPL’s total mass fraction percentage.

L/h Rf1/L

V�
GPL (%)

0 0:5 1 1:5 2

10 2 11.5359 11.7289 11.9217 12.1144 12.3070
3 9.2353 9.4131 9.5908 9.7683 9.9458
5 8.0572 8.2273 8.3972 8.5669 8.7366
10 7.5602 7.7269 7.8936 8.0601 8.2264
20 7.4359 7.6019 7.7677 7.9333 8.0989
50 7.4011 7.5668 7.7324 7.8979 8.0632

30 2 5.0216 5.0690 5.1165 5.1641 5.2116
3 2.7053 2.7373 2.7693 2.8013 2.8334
5 1.5194 1.5435 1.5675 1.5916 1.6157
10 1.0191 1.0398 1.0605 1.0812 1.1019
20 0.8940 0.9139 0.9338 0.9536 0.9735
50 0.8590 0.8786 0.8983 0.9179 0.9376

Figure 3. Effects of curvature radii ratio and imperfection patterns of the core
on dimensionless CBL of the structure.
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consideration is illustrated in Figure 8. The results indicate
that imperfection Type A results in the lowest CBT, while
Types B and C produce similar results. Additionally, the
effect of the total mass fraction of GPLs on the CBT is
examined in Figure 8 for different shell types. As can be
found, increasing the nano-fillers total mass fraction,
reduces the CBT slightly. A similar result is seen in Refs.
[78, 80, 81]. So, it can be one of the most prominent results
of this work. In Tables 9–11, the effects of GPLs’ geomet-
rical parameters, their dispersion patterns, and also the
Skempton coefficient on the CBT for respectively, cylin-
drical, spherical, and doubly-curved shells are evaluated. As
the length-to-width ratio of GPLs increases, the CBT
decreases. However, this alteration is not significant. Besides,
it is observed that the results due to FG V-A and FG A-V
cases are the maximum and minimum CBTs, individually.
And an increment in the Skempton coefficient leads the
CBTs to reduce. It occurs due to changes in the structure’s
thermal stiffness. A comparison between different kinds of
shells versus the curvature radius to length ratio is provided
in Figure 9. Based on this figure, the cylindrical shell has
the smallest values of CBT and doubly-curved shell has the

highest values. Moreover, as the curvature radius to length
ratio increases, the CBT tends to decrease. In Figure 10,
another GPLs’ geometrical parameter is taken into the inves-
tigation: height-to-length ratio. According to the results
shown in the figure, a slight enhancement in the CBT can
be observed when the height-to-length ratio of GPLs rein-
forcements is raised. Additionally, the observation is that the
CBT decreases significantly as the curvature radii increase.
The study also analyzes how the parameters of the substrate
have an impact on the CBT. As anticipated, the CBT
increases when both of these parameters are increased. This
is due to a rise in the stiffness of the structure. Finally, in
Table 12, the CBTs for different values of axial and circum-
ferential wavenumbers are presented for various types of
shells (Figure 11).

6. Conclusions

In this paper, thermo-mechanical buckling act of three-lay-
ered advanced fluid-infiltrated porous shells that are
embedded between two GPLs-reinforced composite layers is

Figure 4. Effects of GPLs’ total mass fraction and different kinds of elastic substrate on dimensionless CBL of the (a) doubly-curved; (b) spherical; and (c) cylindrical
shell.
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examined. The results are obtained via Navier’s approach
and their correctness is assured by comparing them with
formerly published works. Lastly, the impression of different

factors on the CBLs and CBTs of cylindrical, spherical, and
doubly-curved shells is analyzed and the below items are
concluded:

� Increasing the imperfection ratio reduces the critical
buckling load, but enhances the CBT. Among the con-
sidered imperfection patterns, type B which relates to
the symmetric pattern has the most values of CBL and
those of types A and B were close to each other. Also,
for CBT, the results due to type A are the minimum
ones.

� Enhancing the GPLs’ total mass fraction, rises and less-
ens the CBL and CBTs, respectively. Moreover, linking
different types of GPLs’ dispersion patterns shows that
the FG V-A and FG A-V patterns have the uppermost
and the lowermost values of results in both thermal and
mechanical buckling analyses, respectively.

� When the Skempton coefficient, which represents the
pressure in pores, is increased, the CBL is found to rise,
while the CBT decreases.

� Geometrical parameters of GPLs play a crucial role in
both mechanical and thermal buckling analyses.

Figure 5. Effects of GPLs’ geometrical specifications on dimensionless CBL of the (a) doubly-curved; (b) spherical; and (c) cylindrical shell.

Figure 6. Comparing dimensionless CBL of different types of curved structures
versus the core’s imperfection ratio.
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Figure 8. Comparing dimensionless CBT of different types of curved structures versus the GPLs’ total mass fraction.

Figure 7. Effects of imperfection ratio and different patterns of imperfection on dimensionless CBT of the (a) doubly-curved; (b) spherical; and (c) cylindrical shell.
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Table 9. Effect of GPLs’ length-to-width ratio and dispersion patterns, and Skempton coefficient on the CBTs of cylindrical shell.

GPLs
disp.

lGPLs ¼ wGPLs lGPLs ¼ 2 wGPLs

Skempton coefficient Skempton coefficient

0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6

U-U 10.2598 10.1167 9.9835 9.8593 10.2576 10.1146 9.9816 9.8575
X-X 10.2580 10.1149 9.9818 9.8576 10.2561 10.1132 9.9802 9.8562
O-O 10.2572 10.1142 9.9811 9.8569 10.2553 10.1124 9.9795 9.8554
A-V 10.2446 10.1019 9.9691 9.8451 10.2424 10.0998 9.9671 9.8433
V-A 10.2705 10.1272 9.9938 9.8694 10.2690 10.1258 9.9926 9.8682
X-O 10.2576 10.1146 9.9814 9.8573 10.2557 10.1128 9.9798 9.8558
O-X 10.2576 10.1146 9.9814 9.8573 10.2557 10.1128 9.9798 9.8558
V-V 10.2576 10.1146 9.9814 9.8572 10.2558 10.1128 9.9798 9.8557
A-A 10.2575 10.1145 9.9815 9.8573 10.2557 10.1128 9.9799 9.8558

Table 10. Effect of GPLs’ length-to-width ratio and dispersion patterns, and Skempton coefficient on the CBTs of spherical shell.

GPLs
disp.

lGPLs ¼ wGPLs lGPLs ¼ 2 wGPLs

Skempton coefficient Skempton coefficient

0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6

U-U 16.3868 16.1556 15.9389 15.7355 16.3811 16.1501 15.9337 15.7306
X-X 16.3836 16.1525 15.9359 15.7327 16.3785 16.1476 15.9314 15.7283
O-O 16.3828 16.1517 15.9352 15.7319 16.3777 16.1469 15.9306 15.7276
A-V 16.3703 16.1394 15.9232 15.7202 16.3648 16.1342 15.9182 15.7155
V-A 16.3962 16.1648 15.9480 15.7444 16.3914 16.1603 15.9437 15.7404
X-O 16.3832 16.1521 15.9356 15.7323 16.3781 16.1473 15.9310 15.7279
O-X 16.3832 16.1521 15.9356 15.7323 16.3781 16.1472 15.9310 15.7279
V-V 16.3833 16.1521 15.9355 15.7322 16.3782 16.1473 15.9309 15.7278
A-A 16.3831 16.1521 15.9356 15.7324 16.3780 16.1472 15.9310 15.7280

Table 11. Effect of GPLs’ length-to-width ratio and dispersion patterns, and Skempton coefficient on the CBTs of doubly-curved shell.

GPLs
disp.

lGPLs ¼ wGPLs lGPLs ¼ 2 wGPLs

Skempton coefficient Skempton coefficient

0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6

U-U 12.8246 12.6445 12.4763 12.3188 12.8208 12.6410 12.4730 12.3157
X-X 12.8221 12.6421 12.4740 12.3166 12.8189 12.6391 12.4712 12.3140
O-O 12.8214 12.6414 12.4733 12.3159 12.8181 12.6383 12.4704 12.3132
A-V 12.8088 12.6291 12.4612 12.3041 12.8052 12.6257 12.4580 12.3011
V-A 12.8347 12.6544 12.4860 12.3284 12.8319 12.6518 12.4835 12.3261
X-O 12.8217 12.6417 12.4736 12.3163 12.8185 12.6387 12.4708 12.3136
O-X 12.8217 12.6417 12.4736 12.3163 12.8185 12.6387 12.4708 12.3136
V-V 12.8218 12.6418 12.4736 12.3162 12.8186 12.6387 12.4707 12.3135
A-A 12.8217 12.6417 12.4737 12.3164 12.8184 12.6387 12.4708 12.3137

Figure 9. Comparing dimensionless CBT of different types of curved structures versus the curvature radius to length ratio.
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� The results due to cylindrical shells are generally fewer
than those of spherical shells.

� The addition of an elastic substrate, regardless of its com-
position, results in an increase in both CBLs and CBTs.

� Enhancement in curvature radius to length ratio reduces
both CBLs and CBTs.

� As the length-to-height ratio of the structure becomes
more, the results tend to reduce.
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Appendix: The stiffness matrix arrays used in Eq. (46) are defined
as below:

K11 ¼ g1 A2 � js g13
R11

2
þ g15 B2 þ g16 B2

R11

þ R12 � R11

2R11R12

� �
g16
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2R11R12

� �
g17 B2

R11
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K12 ¼ g4 ABþ g15 ABþ g16 A B
R12

þ R12 � R11

2R11R12

� �
g16 AB

þ R12 � R11

2R11R12

� �
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R12

,

K13 ¼ � g1A
R11

� g4A
R12
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R11
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K14 ¼ g2 A2 � jsg13
R11

þ g16 B2 þ R12 � R11

2R11R12
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2R11R12
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g17 ABþ g16 ABþ g5 AB,
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K35 ¼ � g5B
R11

� g11B
R12

þ jsg14B,

K41 ¼ g2A
2 þ jsg13
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þ g16 B2 þ g17B
2
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,
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,
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� g5A
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The hired integral coefficients in the above arrays are defined as
follows:

g1
g2
g3

8<
:

9=
; ¼ ÐzQc, f

11 ðzÞ
1
z
z2

8<
:
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